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Abstract
Geometric Arbitrage Theory reformulates a generic asset model possibly allowing for arbitrage
by packaging all assets and their forwards dynamics into a stochastic principal fibre bundle, with a
connection whose parallel transport encodes discounting and portfolio rebalancing, and whose cur-
vature measures, in this geometric language, the ”instantaneous arbitrage capability” generated by
the market itself. The asset and market portfolio dynamics have a quantum mechanical description,
which is constructed by quantizing the deterministic version of the stochastic Lagrangian system
describing a market allowing for arbitrage. Results, obtained by solving explicitly the Schro¨dinger
equations by means of spectral decomposition of the Hamilton operator, coincides with those ob-
tained by solving the stochastic Euler Lagrange equations derived by a variational principle and
providing therefore consistency.
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1 Introduction
This paper further develops a conceptual structure - called Geometric Arbitrage Theory - to link arbi-
trage modeling in generic markets with spectral theory.
2
GAT rephrases classical stochastic finance in stochastic differential geometric terms in order to
characterize arbitrage. The main idea of the GAT approach consists of modeling markets made of
basic financial instruments together with their term structures as principal fibre bundles. Financial
features of this market - like no arbitrage and equilibrium - are then characterized in terms of standard
differential geometric constructions - like curvature - associated to a natural connection in this fibre
bundle. Principal fibre bundle theory has been heavily exploited in theoretical physics as the language
in which laws of nature can be best formulated by providing an invariant framework to describe physical
systems and their dynamics. These ideas can be carried over to mathematical finance and economics.
A market is a financial-economic system that can be described by an appropriate principle fibre bundle.
A principle like the invariance of market laws under change of nume´raire can be seen then as gauge
invariance. Concepts like No-Free-Lunch-with-Vanishing-Risk (NFLVR) and No-Unbounded-Profit-
with-Bounded-Risk (NUPBR) have a geometric characterization, which have the Capital Asset Pricing
Model (CAPM) as a consequence.
The fact that gauge theories are the natural language to describe economics was first proposed by
Malaney and Weinstein in the context of the economic index problem ([Ma96], [We06]). Ilinski (see
[Il00] and [Il01]) and Young ([Yo99]) proposed to view arbitrage as the curvature of a gauge connection,
in analogy to some physical theories. Independently, Cliff and Speed ([SmSp98]) further developed
Flesaker and Hughston seminal work ([FlHu96]) and utilized techniques from differential geometry to
reduce the complexity of asset models before stochastic modeling.
This paper is structured as follows. Section 2 reviews classical stochastic finance and Geometric
Arbitrage Theory. Arbitrage is seen as curvature of a principal fibre bundle representing the market
which defines the quantity of arbitrage associated to it. Proofs are omitted and can be found in [Fa15],
[Fa20] and in [FaTa20], where Geometric Arbitrage Theory has been given a rigorous mathematical
foundation utilizing the formal background of stochastic differential geometry as in Schwartz ([Schw80]),
Elworthy ([El82]), Eme´ry([Em89]), Hackenbroch and Thalmaier ([HaTh94]), Stroock ([St00]) and Hsu
([Hs02]).
Section 3 describes the intertwined dynamics of assets, term structures and market portfolio as con-
strained Lagrange system deriving it from a stochastic variational principle whose Lagrange function
measures the arbitrage quantity allowed by the market. This constrained Lagrange system and its
stochastic Euler-Lagrange equation is equivalent to a constrained Hamilton system, obtained by Leg-
endre transform, with its stochastic Hamilton equations. These stochastic Hamilton system is, on its
turn, equivalent to a quantum mechanical system, obtained by quantizing the deterministic version of
the Hamilton system. This is shown in Section 4 where we reformulate mathematical finance in terms
of quantum mechanics. The Schro¨dinger equation describes then both the asset and market portfolio
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dynamics, which can be explicitly computed once the spectrum of the Hamilton operator is known.
Without knowledge of the spectrum it is still possible by means of Ehrenfest’s theorem to determine
stochastic properties of future asset values and market portfolio nominals. Their expected values are
identical to those computed with the stochastic Euler Lagrange equation, demonstrating the consistency
of the quantum mechanical approach. Moreover, we prove that for a closed market, the returns on mar-
ket portfolio nominals, asset values and term structures are centered and serially uncorrelated. Hence,
the justification of econometrics with its autocorrelated models or those with stochastic volatilities lies
in the fact that markets are not closed: there is always an asset category which has not been mod-
eled, to which wealth can escape, destroying the uncorrelated identical distributional behaviour of the
remaining asset categories. By applying Heisenberg’s uncertainty relation to the quantum mechanical
model of the market we obtain one more econometric result: the volatilities of asset values on one hand
and their nominals in the market portfolio are mutually exclusive, meaning by this that if one increases,
the other decreases and vice-versa.
In Section 5 we solve the Schro¨dinger equation representing the arbitrage market dynamics by using
Feynman’s path integrals. Appendix A reviews Nelson’s stochastic derivatives. Section 6 concludes.
2 Geometric Arbitrage Theory Background
In this section we explain the main concepts of Geometric Arbitrage Theory introduced in [Fa15], to
which we refer for proofs and examples.
2.1 The Classical Market Model
In this subsection we will summarize the classical set up, which will be rephrased in section (2.4) in
differential geometric terms. We basically follow [HuKe04] and the ultimate reference [DeSc08].
We assume continuous time trading and that the set of trading dates is [0,+∞[. This assumption
is general enough to embed the cases of finite and infinite discrete times as well as the one with a finite
horizon in continuous time. Note that while it is true that in the real world trading occurs at discrete
times only, these are not known a priori and can be virtually any points in the time continuum. This
motivates the technical effort of continuous time stochastic finance.
The uncertainty is modelled by a filtered probability space (Ω,A,P), where P is the statistical
(physical) probability measure, A = {At}t∈[0,+∞[ an increasing family of sub-σ-algebras of A∞ and
(Ω,A∞,P) is a probability space. The filtration A is assumed to satisfy the usual conditions, that is
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• right continuity: At =
⋂
s>tAs for all t ∈ [0,+∞[.
• A0 contains all null sets of A∞.
The market consists of finitely many assets indexed by j = 1, . . . , N , whose nominal prices are
given by the vector valued semimartingale S : [0,+∞[×Ω → RN denoted by (St)t∈[0,+∞[ adapted to
the filtration A. The stochastic process (Sjt )t∈[0,+∞[ describes the price at time t of the jth asset in
terms of unit of cash at time t = 0. More precisely, we assume the existence of a 0th asset, the cash, a
strictly positive semimartingale, which evolves according to S0t = exp(
∫ t
0
du r0u), where the predictable
semimartingale (r0t )t∈[0,+∞[ represents the continuous interest rate provided by the cash account: one
always knows in advance what the interest rate on the own bank account is, but this can change from
time to time. The cash account is therefore considered the locally risk less asset in contrast to the
other assets, the risky ones. In the following we will mainly utilize discounted prices, defined as
Sˆjt := S
j
t /S
0
t , representing the asset prices in terms of current unit of cash.
We remark that there is no need to assume that asset prices are positive. But, there must be at
least one strictly positive asset, in our case the cash. If we want to renormalize the prices by choosing
another asset instead of the cash as reference, i.e. by making it to our nume´raire, then this asset must
have a strictly positive price process. More precisely, a generic nume´raire is an asset, whose nominal
price is represented by a strictly positive stochastic process (Bt)t∈[0,+∞[, and which is a portfolio of the
original assets j = 0, 1, 2, . . . , N . The discounted prices of the original assets are then represented in
terms of the nume´raire by the semimartingales Sˆjt := S
j
t /Bt.
We assume that there are no transaction costs and that short sales are allowed. Remark that the
absence of transaction costs can be a serious limitation for a realistic model. The filtration A is not
necessarily generated by the price process (St)t∈[0,+∞[: other sources of information than prices are
allowed. All agents have access to the same information structure, that is to the filtration A.
Let v ≥ 0. A v-admissible strategy x = (xt)t∈[0,+∞[ is a predictable semimartingale for which the
Itoˆ integral
∫ t
0
x · dS ≥ −v for all t ≥ 0. A strategy is admissible if it is v-admissible for some v ≥ 0.
Definition 1 (Arbitrage). Let the process (St)[0,+∞[ be a semimartingale and (xt)t∈[0,+∞[ be admis-
sible self-financing strategy. Let us consider trading up to time T ≤ ∞. The portfolio wealth at time t
is given by by Vt(x) := V0 +
∫ t
0
xu · dSu, and we denote by K0 the subset of L0(Ω,AT , P ) containing all
such VT (x), where x is any admissible self-financing strategy. We define
• C0 := K0 − L0+(Ω,AT , P ).
• C := C0 ∩ L∞+ (Ω,AT , P ).
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• C¯: the closure of C in L∞ with respect to the norm topology.
• VV0 :=
{
(Vt)t∈[0,+∞[
∣∣Vt = Vt(x), where x is V0-admissible}.
• VV0T :=
{
VT
∣∣ (Vt)t∈[0,+∞[ ∈ VV0}: terminal wealth for V0-admissible self-financing strategies.
We say that S satisfies
• (NA), no arbitrage, if and only if C ∩ L∞(Ω,AT , P ) = {0}.
• (NFLVR), no-free-lunch-with-vanishing-risk, if and only if C¯ ∩ L∞(Ω,AT , P ) = {0}.
• (NUPBR), no-unbounded-profit-with-bounded-risk, if and only if VV0T is bounded in L
0 for
some V0 > 0.
The relationship between these three different types of arbitrage has been elucidated in [DeSc94] and
in [Ka97] with the proof of the following result.
Theorem 2.
(NFLVR)⇔ (NA)+ (NUPBR). (1)
Theorem 3 (First fundamental theorem of asset pricing). The market (S,A) satisfies the
(NFLVR) condition if and only if there exists an equivalent local martingale measure P ∗.
Remark 4. In the first fundamental theorem of asset pricing we just assumed that the price process S
is locally bounded. If S is bounded, then (NFLVR) is equivalent to the existence of a martingale mea-
sure. But without this additional assumption (NFLVR) only implies the existence of a local martingale
measure, i.e. a local martingale which is not a martingale. This distinction is important, because the
difference between a security price process being a strict local martingale versus a martingale under a
probability P ∗ relates to the existence of asset price bubbles.
2.2 Geometric Reformulation of the Market Model: Primitives
We are going to introduce a more general representation of the market model introduced in Subsection
2.1, which better suits to the arbitrage modeling task.
Definition 5. A gauge is an ordered pair of two A-adapted real valued semimartingales (D,P ), where
D = (Dt)t≥0 : [0,+∞[×Ω→ R is called deflator and P = (Pt,s)t,s : T × Ω→ R, which is called term
structure, is considered as a stochastic process with respect to the time t, termed valuation date and
T := {(t, s) ∈ [0,+∞[2 | s ≥ t}. The parameter s ≥ t is referred as maturity date. The following
properties must be satisfied a.s. for all t, s such that s ≥ t ≥ 0:
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(i) Pt,s > 0,
(ii) Pt,t = 1.
Remark 6. Deflators and term structures can be considered outside the context of fixed income. An
arbitrary financial instrument is mapped to a gauge (D,P ) with the following economic interpretation:
• Deflator: Dt is the value of the financial instrument at time t expressed in terms of some
nume´raire. If we choose the cash account, the 0-th asset as nume´raire, then we can set Djt :=
Sˆjt =
S
j
t
S0t
(j = 1, . . .N).
• Term structure: Pt,s is the value at time t (expressed in units of deflator at time t) of a syn-
thetic zero coupon bond with maturity s delivering one unit of financial instrument at time s. It
represents a term structure of forward prices with respect to the chosen nume´raire.
We point out that there is no unique choice for deflators and term structures describing an asset model.
For example, if a set of deflators qualifies, then we can multiply every deflator by the same positive
semimartingale to obtain another suitable set of deflators. Of course term structures have to be modified
accordingly. The term ”deflator” is clearly inspired by actuarial mathematics. In the present context it
refers to a nominal asset value up division by a strictly positive semimartingale (which can be the state
price deflator if this exists and it is made to the nume´raire). There is no need to assume that a deflator
is a positive process. However, if we want to make an asset to our nume´raire, then we have to make
sure that the corresponding deflator is a strictly positive stochastic process.
2.3 Geometric Reformulation of the Market Model: Portfolios
We want now to introduce transforms of deflators and term structures in order to group gauges con-
taining the same (or less) stochastic information. That for, we will consider deterministic linear combi-
nations of assets modelled by the same gauge (e. g. zero bonds of the same credit quality with different
maturities).
Definition 7. Let π : [0,+∞[−→ R be a deterministic cashflow intensity (possibly generalized) function.
It induces a gauge transform (D,P ) 7→ π(D,P ) := (D,P )π := (Dπ , P π) by the formulae
Dπt := Dt
∫ +∞
0
dh πhPt,t+h P
π
t,s :=
∫ +∞
0
dh πhPt,s+h∫ +∞
0
dh πhPt,t+h
. (2)
Proposition 8. Gauge transforms induced by cashflow vectors have the following property:
((D,P )π)ν = ((D,P )ν)π = (D,P )π∗ν , (3)
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where ∗ denotes the convolution product of two cashflow vectors or intensities respectively:
(π ∗ ν)t :=
∫ t
0
dh πhνt−h. (4)
The convolution of two non-invertible gauge transform is non-invertible. The convolution of a non-
invertible with an invertible gauge transform is non-invertible.
Definition 9. The term structure can be written as a functional of the instantaneous forward rate
f defined as
ft,s := −
∂
∂s
logPt,s, Pt,s = exp
Å
−
∫ s
t
dhft,h
ã
. (5)
and
rt := lim
s→t+
ft,s (6)
is termed short rate.
Remark 10. The special choice of vanishing interest rate r ≡ 0 or flat term structure P ≡ 1 for all
assets corresponds to the classical model, where only asset prices and their dynamics are relevant.
2.4 Arbitrage Theory in a Differential Geometric Framework
Now we are in the position to rephrase the asset model presented in subsection 2.1 in terms of a natural
geometric language. Given N base assets we want to construct a portfolio theory and study arbitrage
and thus we cannot a priori assume the existence of a risk neutral measure or of a state price deflator. In
terms of differential geometry, we will adopt the mathematician’s and not the physicist’s approach. The
market model is seen as a principal fibre bundle of the (deflator, term structure) pairs, discounting and
foreign exchange as a parallel transport, nume´raire as global section of the gauge bundle, arbitrage as
curvature. The no-free-lunch-with-vanishing-risk condition is proved to be equivalent to a zero curvature
condition.
2.4.1 Market Model as Principal Fibre Bundle
Let us consider -in continuous time- a market with N assets and a nume´raire. A general portfolio at
time t is described by the vector of nominals x ∈ X, for an open set X ⊂ RN . Following Definition 5,
the asset model induces for j = 1, . . . , N the gauge
(Dj , P j) = ((Djt )t∈[0,+∞[, (P
j
t,s)s≥t), (7)
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where Dj denotes the deflator and P j the term structure. This can be written as
P jt,s = exp
Å
−
∫ s
t
f jt,udu
ã
, (8)
where f j is the instantaneous forward rate process for the j-th asset and the corresponding short rate
is given by rjt := limu→0+ f
j
t,u. For a portfolio with nominals x ∈ X ⊂ R
N we define
Dxt :=
N∑
j=1
xjD
j
t f
x
t,u :=
N∑
j=1
xjD
j
t∑N
j=1 xjD
j
t
f jt,u P
x
t,s := exp
Å
−
∫ s
t
fxt,udu
ã
. (9)
The short rate writes
rxt := lim
u→0+
fxt,u =
N∑
j=1
xjD
j
t∑N
j=1 xjD
j
t
rjt . (10)
The image space of all possible strategies reads
M := {(t, x) ∈ [0,+∞[×X}. (11)
In subsection 2.3 cashflow intensities and the corresponding gauge transforms were introduced. They
have the structure of an Abelian semigroup
H := E ′([0,+∞[,R) = {F ∈ D′([0,+∞[) | supp(F ) ⊂ [0,+∞[ is compact}, (12)
where the semigroup operation on distributions with compact support is the convolution (see [Ho¨03],
Chapter IV), which extends the convolution of regular functions as defined by formula (4).
Definition 11. The Market Fibre Bundle is defined as the fibre bundle of gauges
B := {(Dxt , P
x
t, ·)
π| (t, x) ∈M,π ∈ G}. (13)
The cashflow intensities defining invertible transforms constitute an Abelian group
G := {π ∈ H | it exists ν ∈ H such that π ∗ ν = δ} ⊂ E ′([0,+∞[,R). (14)
From Proposition 8 we obtain
Theorem 12. The market fibre bundle B has the structure of a G-principal fibre bundle given by the
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action
B ×G −→ B
((D,P ), π) 7→ (D,P )π = (Dπ, P π)
(15)
The group G acts freely and differentiably on B to the right.
2.4.2 Stochastic Parallel Transport
Let us consider the projection of B onto M
p : B ∼=M ×G −→M
(t, x, g) 7→ (t, x)
(16)
and its differential map at (t, x, g) ∈ B denoted by T(t,x,g)p, see for example, Definition 0.2.5 in ([Bl81])
T(t,x,g)p : T(t,x,g)B︸ ︷︷ ︸
∼=RN×R×R[0,+∞[
−→ T(t,x)M︸ ︷︷ ︸
∼=RN×R
. (17)
The vertical directions are
V(t,x,g)B := ker
(
T(t,x,g)p
)
∼= R[0,+∞[, (18)
and the horizontal ones are
H(t,x,g)B ∼= R
N+1. (19)
An Ehresmann connection on B is a projection TB → VB. More precisely, the vertical projection must
have the form
Πv(t,x,g) : T(t,x,g)B −→ V(t,x,g)B
(δx, δt, δg) 7→ (0, 0, δg + Γ(t, x, g).(δx, δt)),
(20)
and the horizontal one must read
Πh(t,x,g) : T(t,x,g)B −→ H(t,x,g)B
(δx, δt, δg) 7→ (δx, δt,−Γ(t, x, g).(δx, δt)),
(21)
such that
Πv +Πh = 1B. (22)
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Stochastic parallel transport on a principal fibre bundle along a semimartingale is a well defined con-
struction (cf. [HaTh94], Chapter 7.4 and [Hs02] Chapter 2.3 for the frame bundle case) in terms of
Stratonovich integral. Existence and uniqueness can be proved analogously to the deterministic case
by formally substituting the deterministic time derivative d
dt
with the stochastic one D corresponding
to the Stratonovich integral.
Following Ilinski’s idea ([Il01]), we motivate the choice of a particular connection by the fact that it
allows to encode foreign exchange and discounting as parallel transport.
Theorem 13. With the choice of connection
χ(t, x, g).(δx, δt) :=
Ç
Dδxt
Dxt
− rxt δt
å
g, (23)
the parallel transport in B has the following financial interpretations:
• Parallel transport along the nominal directions (x-lines) corresponds to a multiplication by an
exchange rate.
• Parallel transport along the time direction (t-line) corresponds to a division by a stochastic discount
factor.
Recall that time derivatives needed to define the parallel transport along the time lines have to
be understood in Stratonovich’s sense. We see that the bundle is trivial, because it has a global
trivialization, but the connection is not trivial.
2.4.3 Nelson D Differentiable Market Model
We continue to reformulate the classic asset model introduced in subsection 2.1 in terms of stochastic
differential geometry. We refer to Appendix A for a short background in stochastic derivatives.
Definition 14. A Nelson D differentiable market model for N assets is described by N gauges
which are Nelson D differentiable with respect to the time variable. More exactly, for all t ∈ [0,+∞[
and s ≥ t there is an open time interval I ∋ t such that for the deflators Dt := [D1t , . . . , D
N
t ]
† and the
term structures Pt,s := [P
1
t,s, . . . , P
N
t,s]
†, the latter seen as processes in t and parameter s, there exist a
D t-derivative. The short rates are defined by rt := lims→t−
∂
∂s
logPts.
A strategy is a curve γ : I → X in the portfolio space parameterized by the time. This means that
the allocation at time t is given by the vector of nominals xt := γ(t). We denote by γ¯ the lift of γ
to M , that is γ¯(t) := (γ(t), t). A strategy is said to be closed if it represented by a closed curve. A
D-admissible strategy is predictable and D-differentiable.
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In general the allocation can depend on the state of the nature i.e. xt = xt(ω) for ω ∈ Ω.
Proposition 15. A D-admissible strategy is self-financing if and only if
D(xt ·Dt) = xt · DDt −
1
2
D∗ 〈x,D〉t or Dxt ·Dt = −
1
2
D∗ 〈x,D〉t , (24)
almost surely.
For the reminder of this paper unless otherwise stated we will deal only with D differentiable market
models, D differentiable strategies, and, when necessary, with D differentiable state price deflators. All
Itoˆ processes are D differentiable, so that the class of considered admissible strategies is very large.
2.4.4 Arbitrage as Curvature
The Lie algebra of G is
g = R[0,+∞[ (25)
and therefore commutative. The g-valued curvature 2-form is defined by means the g-valued connection
1-form as
R := dχ+ [χ, χ], (26)
meaning by this, that for all (t, x, g) ∈ B and for all ξ, η ∈ T(t,x)M
R(t, x, g)(ξ, η) := dχ(t, x, g)(ξ, η) + [χ(t, x, g)(ξ), χ(t, x, g)(η)] = dχ(t, x, g)(ξ, η). (27)
Remark that, being the Lie algebra commutative, the Lie bracket [·, ·] vanishes.
Proposition 16 (Curvature Formula). Let R be the curvature. Then, the following quality holds:
R(t, x, g) = gdt ∧ dx [D log(D
x
t ) + r
x
t ] . (28)
The following result characterizes arbitrage as curvature.
Theorem 17 (No Arbitrage). The following assertions are equivalent:
(i) The market model satisfies the no-free-lunch-with-vanishing-risk condition.
(ii) There exists a positive semimartingale β = (βt)t≥0 such that deflators and short rates satisfy for
all portfolio nominals and all times the condition
rxt = −D log(βtD
x
t ). (29)
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(iii) There exists a positive semimartingale β = (βt)t≥0 such that deflators and term structures satisfy
for all portfolio nominals and all times the condition
P xt,s =
Et[βsD
x
s ]
βtDxt
. (30)
This motivates the following definition.
Definition 18. The market model satisfies the zero curvature (ZC) if and only if the curvature
vanishes a.s.
Therefore, we have following implications relying two different definitions of no-abitrage:
Corollary 19.
(NFLVR)⇒ (ZC). (31)
As proved in [FaTa20], the two weaker notions of arbitrage, the zero curvature and the no-unbounded-
profit-with-bounded-risk are equivalent.
Theorem 20.
(ZC)⇔ (NUPBR), (32)
Therefore, we have
Corollary 21.
(NFLVR)⇔ (NA)+ (ZC). (33)
3 Asset and Market Portfolio Dynamics as a Constrained La-
grangian System
In [Fa15] and [Fa20] the minimal arbitrage principle, stating that asset dynamics and market portfolio
choose the path guaranteeing the minimization of arbitrage, was encoded as the Hamilton principle
under constraints for a Lagrangian measuring the arbitrage. Then, the SDE describing asset deflators,
term structures and market portfolio were derived by means of a stochasticization procedure of the
Euler-Lagrange equations following a technique developed by Cresson and Darses ([CrDa07] who follow
previous works of Yasue ([Ya81]) and Nelson ([Ne01]). Since we need this set up to proceed with its
quantization, we briefly summarize it here below.
Definition 22. Let γ be the market D-admissible strategy, and δγ, δD, δr be perturbations of the
market strategy, deflators’ and short rates’ dynamics. The variation of (γ,D, r) with respect to the
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given perturbations is the following one parameter family:
ǫ 7−→ (γǫ, Dǫ, rǫ) := (γ,D, r) + ǫ(δγ, δD, δr). (34)
Thereby, the parameter ǫ belongs to some open neighborhood of 0 ∈ R. The arbitrage action with
respect to a positive semimartingale β can be consistently defined by
Aβ(γ;D, r) :=
∫
γ
dt {D log(βtD
xt
t ) + r
xt
t } =
=
∫ T
0
dt
xt · (DDt + rtD])
xt ·Dt
+ log
β1
β0
,
(35)
where x = xt is an admissible self-financing strategy taking values on the curve γ, and the first variation
of the arbitrage action as
δAβ(γ;D, r) :=
d
dǫ
Aβ(γǫ;Dǫ, rǫ) |ǫ:=0 . (36)
This leads to the following
Definition 23. Let us introduce the notation q := (x,D, r) and q′ := (x′, D′, r′) for two vectors in R3N .
The Lagrangian (or Lagrange function) is defined as
L(q, q′) := L(x,D, r, x′, D′, r′) :=
x · (D′ + rD)
x ·D
. (37)
The self-financing constraint is defined as
C(q, q′) := x′ ·D. (38)
Lemma 24. The arbitrage action for a self-financing strategy γ is the integral of the Lagrange function
along the D-admissible strategy:
Aβ(γ;D, r) =
∫
γ
dt L(qt, q
′
t) + log
β1
β0
=
∫
γ
dt L(xt, Dt, rt, x
′
t, D
′
t, r
′
t) + log
β1
β0
. (39)
A fundamental result of classical mechanics allows to compute the extrema of the arbitrage action in
the deterministic case as the solution of a system of ordinary differential equations.
Theorem 25 (Hamilton Principle). Let us denote the derivative with respect to time as d
dt
=: ′ and
assume that all quantities observed are deterministic. The local extrema of the arbitrage action satisfy
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the Lagrange equations under the self-financing constraints

 δA
β(γ;D, r) = 0 for all (δγ, δD, δr)
such that x′t
ǫ ·Dǫt = 0 for all ǫ
⇐⇒


d
dt
∂Lλ
∂q′
− ∂Lλ
∂q
= 0
C(q, q′) := x′ ·D = 0
(40)
where λ ∈ R denotes the the self-financing constraint Lagrange multiplier and Lλ := L− λC.
Definition 26. Let L = L(q, q′) be the Lagrange function of a deterministic Lagrangian system with
the non holonomic constraint C(q, q′) = 0. Setting Lλ := L−λC for the constraint Lagrange multipliers
the dynamics is given by the extended Euler-Lagrange equations
(EL)


d
dt
∂Lλ
∂q′
(q, q′)− ∂Lλ
∂q
(q, q′) = 0
C(q, q′) = 0
(41)
meaning by this that the deterministic solution q = qt and λ ∈ R satisfy the constraint and
d
dt
∂Lλ
∂q′
Å
qt,
dqt
dt
ã
−
∂Lλ
∂q
Å
qt,
dqt
dt
ã
= 0. (42)
The formal stochastic embedding of the Euler-Lagrange equations is obtained by the formal
substitution
S :
d
dt
7−→ D, (43)
and allowing the coordinates of the tangent bundle to be stochastic
(SEL)

 D
∂Lλ
∂q′
(q, q′)− ∂Lλ
∂q
(q, q′) = 0
C(q, q′) = 0
(44)
meaning by this that the stochastic solution Q = Qt and the random variable λ satisfy the constraint
and 
 D
∂Lλ
∂q′
(Qt,DQt)−
∂Lλ
∂q
(Qt,DQt) = 0
C(Qt,DQt) = 0.
(45)
Definition 27. Let L = L(q, q′) be the Lagrange function of a deterministic Lagrangian system on a
time interval I with constraint C = 0. Set
Ξ :=
ß
Q ∈ C1(I) | E
ï∫
I
|Lλ(Qt,DQt)|dt
ò
< +∞
™
. (46)
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The action functional associated to Lλ defined by
F : Ξ −→R
Q 7−→E
ï∫
I
Lλ(Qt,DQt)dt
ò (47)
is called stochastic analogue of the classic action under the constraint C = 0.
For a sufficiently smooth extended LagrangianLλ a necessary and sufficient condition for a stochastic
process to be a critical point of the action functional F is the fulfillment of the stochastic Euler-Lagrange
equations (SEL), as it can be seen in Theorem 7.1 page 54 in [CrDa07]. Moreover we have the following
Lemma 28 (Coherence). The following diagram commutes
Lλ(qt, q
′
t)
S
//
Critical Action Principle

Lλ(Qt,DQt)
Stochastic Critical Action Principle

(EL)
S
// (SEL)
(48)
4 Asset and Market Portfolio Dynamics as Solution of the
Schro¨dinger Equation: The Quantization of the Determin-
istic Constrained Hamiltonian System
We proceed now by introducing an equivalent quantum mechanical representation of the asset and
market portfolio dynamics. As a general background to the mathematics of quantum mechanics we
refer to [Ta08] and [Ha13].
Proposition 29. The Hamilton function H defined as Legendre transform of the Lagrangian L is
H(p, q) := (p · q′ − Lλ(q, q
′)))|p:= ∂L
∂q′
= −
x · (rD)
x ·D
, (49)
where q = (x,D, r, λ) and p := ∂L
∂q′
= (px, pD, pr, pλ). Thereby, following [Kl01] we have elevated the
lagrange multiplier corresponding to the self financing constraint C to an additional dynamic variable λ
with its conjugate momentum pλ. The Hessian matrix of Lλ is singular, which translates into the open
first class additional constraints pr = 0 and pλ = 0.
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Proof. It follows directly by inserting
px =
∂Lλ
∂x′
= −λD
pD =
∂Lλ
∂D′
=
x
x ·D
pr =
∂Lλ
∂r′
= 0
pλ =
∂Lλ
∂λ′
= 0
(50)
into equations (37) and (40).
The last two equations are constraints on the conjugate momenta. They are first class because we have
the following equalities among Poisson brackets for all i, j


{pir, p
j
r} = 0
{pλ, pλ} = 0
{pir, pλ} = 0
{pir, H} =
xiDi
x ·D
{piλ, H} = 0.
(51)
Proposition 30. The selfadjoint Hamilton operator obtained by the standard quantization procedure
q −→ q (multiplication operator)
p −→
1
ı
∂
∂q
(differential operator)
(52)
is
H := −
x · (rD)
x ·D
(53)
with domain of definition
dom(H) :=
{
ϕ ∈ L2(X× R2N+1,C, d3N qdλ)
∣∣Hϕ ∈ L2(X× R2N+1,C, d3Nqdλ)
∂ϕ
∂ri
= 0 for all i,
∂ϕ
∂λ
= 0
}
.
(54)
Proof. The quantization procedure of first class constrained Hamiltonian systems, explained in [Di64],
[Kl01] and [FaJa88], is directly applied here.
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Remark 31. The Hamilton operator H is a multiplication operator with a real function, and is self
adjoint. By Dirac’s theory of first constrained quantized systems, if the constraints are satisfied at time
t = 0, then they are automatically satisfied for all times for the solution of Schro¨dinger’s equation. Since
H does not explicitly depend on the Lagrange multiplier λ as well as any ϕ in its domain of definition,
we can drop any reference to λ and write
dom(H) :=
{
ϕ ∈ L2(X× R2N ,C, d3Nq)
∣∣Hϕ ∈ L2(X× R2N ,C, d3N q) ∂ϕ
∂ri
= 0 for all i,
}
. (55)
Theorem 32. The asset and market portfolio dynamics is given by the solution of the Schro¨dinger
equation 
 ı
d
dt
ψ(q, t) = Hψ(q, t)
ψ(q, 0) = ψ0(q),
(56)
where ψ0 is the initial state satisfying Cψ0 = 0 and
∫
X×R2N
dq3N |ψ0(q)|2 = 1.
The solution is given by
ψ(q, t) = e−ıHtψ0, (57)
where {e−ıHt}t≥0 is the strong continuous, unitary one parameter group associated to the selfadjoint H
by Stone’s theorem.
Remark 33. This is the quantum mechanical formulation of the constrained stochastic Lagrangian
system described by the SDE (45). The interpretation of |ψ(q, t)|2 is the probability density at time t
for the coordinates q:
P [qt ∈ Q] =
∫
Q
dq3N |ψ(q, t)|2. (58)
Therefore, if we have a random variable at = a(p, q, t), by mean of its quantization
A := a
Å
1
ı
∂
∂q
, q, t
ã
(59)
we can compute its expectation by means of both the Schro¨dinger and Heisenberg representation
as
E0[at] = (Aψ,ψ) =
∫
X×R2N
dq3NAψ(q, t)ψ¯(q, t) =
∫
X×R2N
dq3NAtψ(q, 0)ψ¯(q, 0), (60)
where the time dependent operator At, the Heisenberg representation of the operator A is defined as
At := e
iHtAe−iHt. (61)
Higher moments of random variables at , like any measurable functions f(at) of them can be computed
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by means of this technique as
E0[f(at)] = (f(A)ψ, ψ) =
∫
X×R2N
dq3Nf(At)ψ(q, 0)ψ¯(q, 0), (62)
transforming the problem in one of operator calculus.
Theorem 34 (Ehrenfest). The time derivative of the expectation of a selfadjoint operator A is given
by
d
dt
(Aψ,ψ) =
1
ı
([A,H ]ψ, ψ) +
Å
∂A
∂t
ψ, ψ
ã
. (63)
A direct consequence of Ehrenfest’s result is the “energy conservation” theorem.
Corollary 35.
d
dt
(Hψ,ψ) ≡ 0. (64)
Corollary 36. The dynamics of the expected values of market portfolio, asset values and term structures
is given by
E0[xt] ≡ const
E0[Dt] ≡ const
E0[rt] ≡ const.
(65)
Proof. It follows direct from Ehrenfest’s Theorem 34, because the multiplication operators x, D and r
commute with the Hamilton operator H .
Remark 37. Note that formulae (65) coincide with those in ([Fa20]), where the stochastic Lagrange
equations (45) have been explicitly solved. These demonstrates the consistency and compatibility of the
quantum mechanical reformulation to mathematical finance.
Corollary 38. The stochastic processes (xt)t, (Dt)t and (rt)t for market portfolio nominals, asset
values and term structures are identically distributed along time.
Proof. It suffices to apply Ehrenfest’s theorem to any non negative power of the operators x, are
independent of do not depend on time and so must be their the distribution functions.
Corollary 39. The stochastic processes (Dxt)t, (DDt)t and (Drt)t for the returns market portfolio
nominals, asset values and term structures are centered and serially uncorrelated.
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Proof. It suffices to prove it for the nominals, because for the asset values and term structures the
proofs are formally the same. By taking the time derivative of the first equality in (65) we obtain
E0 [Dxt] = 0. (66)
Let t1 6= t2. By app lying Ehrenfest’s Theorem 34 we obtain
E0 [xt1xt2 ] ≡ const, (67)
where componentwise multiplication of the vector components is meant. Hence, together with the first
equality in (65)
Cov0 (xt1 , xt2) ≡ const, (68)
and by differentiating with respect to time t1 and time t2
Cov0 (Dt1xt1 ,Dt2xt2) ≡ 0. (69)
Since t1 6= t2 are arbitrary we conclude that all autocovariances for any non zero lag of (Dxt)t vanish,
meaning that the process is serially uncorrelated.
Theorem 40 (Heisenberg’s uncertainty relation). Let A and B two selfadjoint operators on H.
The variance of the corresponding observables in the state ϕ ∈ dom(A) ∩ dom(B) is
σ2ϕ(A) := ‖Aφ− ‖Aφ‖
2‖2 σ2ϕ(B) := ‖Bφ− ‖Bφ‖
2‖2, (70)
where ‖ · ‖ and (·, ·) are the norm and the scalar product in H = L2(X× R2N ,C, d3Nq). Then,
σ2ϕ(A)σ
2
ϕ(B) ≥
1
4
‖[A,B]ϕ‖2. (71)
The proof of Theorem 40 can be found f.i. in [Ta08] or in [Ha13]. By applying Heisenberg’s uncertainty
relation to the quantum mechanical represenation of our market model we obtain the following
Proposition 41. The dynamics of the volatilities of market portfolio and asset values satisfies the
inequalities
Var0
Ä
Djt
ä
Var0
Ç
xjt
xt ·Dt
å
≥
1
4
, (72)
for all indices j = 1, . . . , N .
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Proof. For q = (x,D) we choose A := qi and B := 1
ı
∂
∂qj
, obtaining by Theorem 40, since [A,B] = ıδi,j ,
ϕt = e
−ıtHϕ0 and ‖ϕt‖2 = 1,
σ2ϕt(q
j)σ2ϕt
Å
1
ı
∂
∂qj
ã
≥
1
4
. (73)
Now we can identify
σ2ϕt(q
j) = Var0(q
j
t )
σ2ϕt
Å
1
ı
∂
∂qj
ã
= Var0(p
j
t ),
(74)
and (72) follows after inserting the second equations of (50)
pD =
∂L
∂D
=
x
x ·D
. (75)
The proof is completed.
Heisenberg’s uncertainty relation has an intersting econometric consequence: the variances of an
asset value and its corresponding nominal in the market portfolio cannot be both arbitrarily small: if
one increases, the other decreases and viceversa.
Remark 42. Note that we can apply Theorem 40 to q = r, but, since pr = 0 as computed in the third
equation (50), we cannot identify Var(pr
j
t) ≡ 0 with σ
2
ϕt
(
1
ı
∂
∂rj
)
6= 0. A similar difficulty occurs for
q = D.
Remark 43. The time series version of Proposition 41 is easily obtained with the substitution of
Nelson’s operator with the difference operator D → [·]t − [·]t−1.
5 The (Numerical) Solution of the Schro¨dinger Equation via
Feynman Integrals
5.1 From the Stochastic Euler-Lagrangian Equations to Schro¨dinger’s Equa-
tion: Nelson’s method
Following chapter 14 of [Ne85] we consider diffusions on N -dimensional Riemannian manifold satisfying
the SDE
dξt = b(t, ξt)dt+ σ(ξt)dWt, (76)
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where (Wt)t≥0 is a K-dimensional Brownian motion, and
b : [0,+∞[×RN → RN and σ : RN → RN×K (77)
are vector and matrix valued functions with appropriate regularity. We assume that
σ2(q)(q′, q′) := q′σ(q)σ†(q)q′ =
N∑
j=1
q′
j
q′j (78)
defines a Riemannian metric, and introduce the notation vj :=
∑N
i=1(σσ
†)j,i vi.
We consider a Lagrangian on M given as
L(q, q′, t) :=
N∑
j=1
ï
1
2
q′
j
q′j − Φ(q) +Aj(q)q
′j
ò
, (79)
for given potentials Φ and A. For the diffusion (76) the Guerra-Morato Lagrangian writes
L+(ζ, t) :=
N∑
j=1
ï
1
2
bj(t, ζ)bj(t, ζ) +
1
2
∇jb
j(t, ζ)− Φ(ζ) +Aj(ζ)b
j(t, ζ) +
1
2
∇jA
j(ζ)
ò
(80)
We define
R(t, q) :=
1
2
log ρ(t, q), (81)
where ρ is the density of the process (ξt)t≥0, and
S(t, q) := E
ñ∫ t
0
L+(ξs, s)ds
∣∣∣∣∣ ξt = q
ô
(82)
Hamilton’s principle for the Guerra-Morato Lagrangian implies that
(
∂
∂t
+
N∑
j=1
bj∇j +
1
2
∆
)
S =
N∑
j=1
ï
1
2
bjbj +
1
2
∇jb
j − Φ+Ajb
j +
1
2
∇jb
j
ò
, (83)
which, since
bj = ∇jS − Aj +∇jR, (84)
becomes the Hamilton-Jacobi equation
∂S
∂t
+
1
2
N∑
j=1
(∇jS −Aj)(∇jS −Aj) + Φ−
1
2
N∑
j=1
∇jR∇jR−
1
2
∆R = 0. (85)
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The continuity equation
∂ρ
∂t
= −
N∑
j=1
∇j(v
jρ), (86)
where
vj =
1
2
(bj + bj
∗
) bj
∗
= bj −∇j log ρ, (87)
becomes
∂R
∂t
+
N∑
j=1
(∇jR)(∇
jS −Aj) +
1
2
∆S −
1
2
∇jA
j = 0. (88)
The non linear Hamilton-Jacobi and continuity PDE lead to the linear Schro¨dinger equation
i
∂ψ
∂t
=
[
1
2
N∑
j=1
Å
1
i
∇j −Aj
ãÅ
1
i
∇j −Aj
ã
+Φ
]
︸ ︷︷ ︸
=:H
ψ, (89)
for the Schro¨dinger operator H , if we define the probability amplitude
ψ(q, t) := eR(q,t)+iS(q,t). (90)
Note that
ρ(q, t) = |ψ(q, t)|2. (91)
5.2 Solution to Schro¨dinger’s Equation via Feynman’s Path Integral
The Hamilton function is the Legendre transformation of the Lagrangian:
H(p, q, t) :=
(
N∑
j=1
pjq′j − L(q, q
′, t)
)∣∣∣∣∣∣
p:= ∂L
∂q′
=q′+A
=
1
2
N∑
j=1
(
pj −Aj
)
(pj −Aj) + Φ, (92)
and the Schro¨dinger operator is obtained by the quantization
q → q (Multiplication operator) p→
1
i
∇ (Differential operator). (93)
The solution of the Schro¨dinger initial value problem

 i
∂ψ
∂t
= Hψ
ψ(q, 0) = ψ0(q),
(94)
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can be obtained as the convolution of the initial condition with Feynman’s path integral:
ψ(y, t) =
∫
ψo(q)
Ç∫ q(t)=y
q(0)=q
exp
Ç
i
∫ t
0
L(u(s), u′(s), s)ds
å
Du
å
dq, (95)
An approximation of Feynman’s path integral can be obtained by averaging over a number of possible
paths. If the original Lagrangian problem has to fulfill some constraints, these can be enforced in the
choice of the paths to be averaged over in the integral.
5.3 Application to Geometric Arbitrage Theory
The GAT Lagrangian reads
L(q, q′, t) := |x′|
x · (D′ + rD)
x ·D
, (96)
for q := (x,D, r) ∈ R3N , where x, D and r represent portfolio nominals, deflators and short rates. The
portfolios under consideration have to satisfy the self-financing condition
x′ ·D = 0. (97)
Let us assume that the diffusions can be written separately as


dxt = b
x(t, xt)dt+ σ
x(xt)dWt
dDt = b
D(t,Dt)dt+ σ
D(Dt)dWt
drt = b(t, rt)dt+ σ
r(rt)dWt,
(98)
where
bx, bD, br : [0,+∞[×RN → RN
σx, σD, σr : RN → RN×K
(99)
are vector and matrix valued functions with appropriate regularity.
The GAT Lagrangian can be written in the form (79)
L(q, q′, t) =
(
1
2
3N∑
j=1
q′
j
q′j −
1
2
)
+Φ(q) +
3N∑
j=1
Aj(q)q
′j , (100)
if we add the additional constraint
3N∑
j=1
q′
j
q′j ≡ 1 (101)
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and set
Φ(q) := −
x · (rD)
x ·D
−
1
2
ADj (q) := −
σD
−2
j,i xi
x ·D
Axj (q) := 0 A
r
j(q) := 0.
(102)
Therefore, the solution of Schro¨dinger’s initial value problem (94) reads
ψ(y, t) =
∫
ψo(q)
Ç∫ q(t)=y
q(0)=q
exp
Ç
i
∫ t
0
xs · (D′s + rsDs)
xs ·Ds
ds
å
Du
å
dq, (103)
where the Feynman integration is over all paths satisfying the constraints


∑3N
j=1 q
′jq′j =
∑N
i,j=1
[
(σx)2j,i(x)x
′
ix
′
j + (σ
D)2j,i(D)D
′
iD
′
j + (σ
r)2(r)j,ir˙ir˙j
]
≡ 1
x′ ·D ≡ 0.
(104)
The first constraints is satisfied by all path where time is the arc length parameter. Formula (103) can
be approximatively computed by Monte-Carlo methods simulating system trajectories satisfying the
constraints (104), leading to numerical efficient computations.
6 Conclusion
By introducing an appropriate stochastic differential geometric formalism, the classical theory of stochas-
tic finance can be embedded into a conceptual framework called Geometric Arbitrage Theory, where
the market is modelled with a principal fibre bundle with a connection and arbitrage corresponds to its
curvature. The market and its dynamic can be seen as a stochastic Lagrangian system, or, equivalently,
as a stochastic Hamiltonian system. Instead of trying to compute direct a solution of the stochastic
Hamilton equations, we quantize a deterministic version of the Hamiltonian system The asset and mar-
ket dynamics have then a quantum mechanical formulation in terms of Schro¨dinger equation which can
be solved numerically by means of Feynman’s integrals. Ehrenfest’s theorem and Heisenberg’s uncer-
tainty relation lead to new econometric results: in the equilibrium minimal arbitrage returns on asset
values and nominal values are centered and serially uncorrelated; the variances of an asset value and its
corresponding nominal in the market portfolio cannot be both arbitrarily small: if one increases, the
other decreases and viceversa.
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A Derivatives of Stochastic Processes
In stochastic differential geometry one would like to lift the constructions of stochastic analysis from
open subsets of RN to N dimensional differentiable manifolds. To that aim, chart invariant definitions
are needed and hence a stochastic calculus satisfying the usual chain rule and not Itoˆ’s Lemma is
required, (cf. [HaTh94], Chapter 7, and the remark in Chapter 4 at the beginning of page 200). That
is why we will be mainly concerned in this paper by stochastic integrals and derivatives meant in
Stratonovich’s sense and not in Itoˆ’s.
Definition 44. Let I be a real interval and Q = (Qt)t∈I be a vector valued stochastic process on the
probability space (Ω,A, P ). The process Q determines three families of σ-subalgebras of the σ-algebra
A:
(i) ”Past” Pt, generated by the preimages of Borel sets in RN by all mappings Qs : Ω → RN for
0 < s < t.
(ii) ”Future” Ft, generated by the preimages of Borel sets in RN by all mappings Qs : Ω → RN for
0 < t < s.
(iii) ”Present” Nt, generated by the preimages of Borel sets in R
N by the mapping Qs : Ω→ R
N .
Let Q = (Qt)t∈I be continuous. Assuming that the following limits exist, Nelson’s stochastic deriva-
tives are defined as
DQt := lim
h→0+
E
ï
Qt+h −Qt
h
∣∣∣∣Pt
ò
: forward derivative,
D∗Qt := lim
h→0+
E
ï
Qt −Qt−h
h
∣∣∣∣Ft
ò
: backward derivative,
DQt :=
DQt +D∗Qt
2
: mean derivative.
(105)
Let S1(I) the set of all processes Q such that t 7→ Qt, t 7→ DQt and t 7→ D∗Qt are continuous mappings
from I to L2(Ω,A). Let C1(I) the completion of S1(I) with respect to the norm
‖Q‖ := sup
t∈I
(
‖Qt‖L2(Ω,A) + ‖DQt‖L2(Ω,A) + ‖D∗Qt‖L2(Ω,A)
)
. (106)
Remark 45. The stochastic derivatives D, D∗ and D correspond to Itoˆ’s, to the anticipative and,
respectively, to Stratonovich’s integral (cf. [Gl11]). The process space C1(I) contains all Itoˆ processes.
If Q is a Markov process, then the sigma algebras Pt (”past”) and Ft (”future”) in the definitions of
forward and backward derivatives can be substituted by the sigma algebra Nt (”present”), see Chapter
6.1 and 8.1 in ([Gl11]).
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